Abstract In this paper we introduce the category of strong Hopf modules for a weak Hopf quasigroup H in a braided monoidal category. We also prove that this category is equivalent to the category of right modules over the image of the target morphism of H.
coH ⊗ H as Hopf modules (see [11] and [16] ). On the other hand, if N is a F-vector space, the tensor product N ⊗ H, with the action and coaction induced by the product and the coproduct of H, is a Hopf module. This construction is functorial, so we have a functor F = − ⊗ H : C → M H H . Also, for all M ∈ M H H , the construction of M coH is functorial and we have a functor G = ( ) coH : M H H → C and F ⊣ G. Moreover, F and G is a pair of inverse equivalences, and therefore, M H H is equivalent to the category of F-vector spaces.
The Fundamental Theorem of Hopf Modules also holds for weak Hopf algebras as was proved by Böhm, Nill and Szlachányi in [5] . In this case, if H is a weak Hopf algebra, the category of Hopf modules is defined in the same way as in the Hopf algebra setting. For M ∈ M H → C HL such that F is left adjoint of G and they induce a pair of inverse equivalences (see [7] ). Therefore, in the weak setting, M H H is equivalent to C HL . In this case, is a relevant fact the following property: the tensor product M coH ⊗ HL H is isomorphic as Hopf modules to M coH × H where M coH × H is the image of a suitable idempotent
Note that, as a consequence, in the weak framework the Fundamental Theorem of Hopf Modules can be written using M coH × H instead of M coH ⊗ HL H.
In the two previous paragraphs we spoke about associative algebraic structures like Hopf algebras and weak Hopf algebras. Recently Klim and Majid introduced in [10] the notion of Hopf quasigroup as a generalization of Hopf algebras in the context of non-associative algebra, in order to understand the structure and relevant properties of the algebraic 7-sphere. A Hopf quasigroup is a particular instance of unital coassociative H-bialgebra in the sense of Pérez Izquierdo [14] , and it includes as example the enveloping algebra of a Malcev algebra, when the base ring has characteristic not equal to 2 nor 3. In this sense Hopf quasigroups extend the notion of Hopf algebra in a parallel way that Malcev algebras extend the one of Lie algebra. On the other hand, it also contains as an example the notion of quasigroup algebra of an I.P. loop. Therefore, Hopf quasigroups unify I.P. loops and Malcev algebras in the same way that Hopf algebras unify groups and Lie algebras. For these non-associative algebraic structures, Brzeziński introduced in [6] the notion of Hopf module and he proved a version of the Fundamental Theorem of Hopf Modules. In this case, the main difference appears in the definition of the category of Hopf modules M H H , because the notion of Hopf module reflects the non-associativity of the product defined on H, and the morphisms are H-quasilinear and H-colinear (see Definition 3.4 of [6] H → C such that F ⊣ G, and they induce a pair of inverse equivalences. Therefore, in this non-associative context M H H is equivalent to the category of F-vector spaces as in the Hopf algebra ambit. Working in a monoidal setting, in [2] we introduce the notion of weak Hopf quasigroup as a new Hopf algebra generalization that encompass weak Hopf algebras and Hopf quasigroups. A family of non-trivial examples of these algebraic structures can be obtained working with bigroupoids, i.e., bicategories where every 1-cell is an equivalence and every 2-cell is an isomorphism (see Example 2.3 of [2] ). For a weak Hopf quasigroup H in a braided monoidal category C with tensor product ⊗, using the ideas proposed by Brzeziński for Hopf quasigroups, in [2] we introduce the notion of Hopf module and the category of Hopf modules M H H . In this case, if we define M coH in the same way as in the weak Hopf algebra setting, we obtain a version of the Fundamental Theorem of Hopf Modules in the following way: all Hopf module M is isomorphic to M coH × H as Hopf modules, where M coH × H is the image of the same idempotent ∇ M used for Hopf modules associated to a weak Hopf algebra. Moreover, in [3] we proved that H L , the image of the target morphism, is a monoid and then it is possible to take into consideration the category C HL , to construct the tensor product M coH ⊗ HL H, and, if the functor − ⊗ H preserves coequalizers, to endow this object with a Hopf module structure. Unfortunately, it is not possible to assure that M coH ⊗ HL H is isomorphic to M coH × H as in the weak Hopf algebra case. In this paper we find the conditions under which these objects are isomorphic in M H H . Then, as a consequence, we introduce the category of strong Hopf modules, denoted by SM H H and we obtain that there exist two functors F = − ⊗ HL H : C HL → SM H H and G = ( ) coH : SM H H → C HL such that F is left adjoint of G and they induce a pair of inverse equivalences. In the Hopf quasigroup setting all Hopf module is strong, and then our results are the ones proved by Brzeziński in [6] . Also, in the weak Hopf case, all Hopf module is strong and then we generalize the theorem proved by Böhm, Nill and Szlachányi in [5] .
Weak Hopf quasigroups
Throughout this paper C denotes a strict braided monoidal category with tensor product ⊗, unit object K and braiding c. For each object M in C, we denote the identity morphism by id M : M → M and, for simplicity of notation, given objects M , N and P in C and a morphism f : M → N , we write P ⊗ f for id P ⊗ f and f ⊗ P for f ⊗ id P . We want to point out that there is no loss of generality in assuming that C is strict because by Theorem 3.5 of [9] (which implies the Mac Lane's coherence theorem) every monoidal category is monoidally equivalent to a strict one. This lets us to treat monoidal categories as if they were strict and, as a consequence, the results proved in this paper hold for every non-strict symmetric monoidal category.
From now on we also assume in C that every idempotent morphism splits, i.e., if ∇ : Y → Y is such that ∇ = ∇ • ∇, there exist an object Z and morphisms i : Z → Y and p : Y → Z such that ∇ = i • p and p • i = id Z . Note that, in these conditions, Z, p and i are unique up to isomorphism. There is no loss of generality in assuming that C admits split idempotents, taking into account that, for a given category C, there exists an universal embedding C →Ĉ such thatĈ admits split idempotents, as was proved in [8] . The categories satisfying this property constitute a broad class that includes, among others, the categories with epi-monic decomposition for morphisms and categories with equalizers or coequalizers.
Definition 2.1. By a unital magma in C we understand a triple A = (A, η A , µ A ) where A is an object in C and η A :
By duality, a counital comagma in C is a triple
If A, B are unital magmas (monoids) in C, the object A ⊗ B is a unital magma (monoid) in C where
Finally, if D is a comagma and A a magma, given two morphisms f, g : D → A we will denote by f * g its convolution product in C, that is
Now we recall the notion of weak Hopf quasigroup in a braided monoidal category that we introduced in [2] . Definition 2.2. A weak Hopf quasigroup H in C is a unital magma (H, η H , µ H ) and a comonoid (H, ε H , δ H ) such that the following axioms hold:
Note that, if in the previous definition the triple (H, η H , µ H ) is a monoid, we obtain the notion of weak Hopf algebra in a braided monoidal category. Then, if C is the category of vector spaces over a field F, we have the monoidal version of the original definition of weak Hopf algebra introduced by Böhm, Nill and Szlachányi in [5] . On the other hand, under these conditions, if ε H and δ H are morphisms of unital magmas (equivalently, η H , µ H are morphisms of counital comagmas),
As a consequence, conditions (a2), (a3), (a4-1)-(a4-3) trivialize, and we get the notion of Hopf quasigroup defined by Klim and Majid in [10] in the category of vector spaces over a field F.
Below we will summarize the main properties of weak Hopf quasigroups. There are more, and the interested reader can see a complete list with the proofs in [2] .
First note that, by Propositions 3.1 and 3.2 of [2] , the following equalities
hold. Moreover, the antipode is unique, 
On the other hand, Propositions 3.5, 3.7 and 3.9 of [2] assert that 
. Surprisingly, the product µ HL is associative because, by Proposition 2.4 of [3], we have that
and, as a consequence, the following identities hold 
Finally, if C is the category of vector spaces over a field F, the semisimple character for H L follows from [15] .
In a similar way to (18)-(20), we can obtain
Then, it is easy to show that µ HR • (H R ⊗ µ HR ) = µ HR • (µ HR ⊗ H R ) and therefore the unital magma H R is a monoid in C. As a consequence, H R is Frobenius separable with Casimir morphism
Therefore, if C is the category of vector spaces over a field F, H R is semisimple.
Hopf modules, strong Hopf modules and categorical equivalences
The definition of right-right H-Hopf module for a weak Hopf quasigroup H was introduced in [2] . If H is a Hopf quasigroup and C is the symmetric monoidal category F − V ect, we get the notion defined by Brzeziński in [6] for Hopf quasigroups. Definition 3.1. Let H be a weak Hopf quasigroup and M an object in C. We say that (M, φ M , ρ M ) is a right-right H-Hopf module if the following axioms hold: 
is a morphism of right H-comodules with the codiagonal coaction on
M ⊗ H. (b3) φ M • (φ M ⊗ λ H ) • (M ⊗ δ H ) = φ M • (M ⊗ Π L H ). (b4) φ M • (φ M ⊗ H) • (M ⊗ λ H ⊗ H) • (M ⊗ δ H ) = φ M • (M ⊗ Π R H ). (b5) φ M • (φ M ⊗ H) • (M ⊗ Π L H ⊗ H) • (M ⊗ δ H ) = φ M .
Obviously, if H is a weak Hopf quasigroup, the triple (H, φ
On the other hand, the morphism
is idempotent and the equalities
hold (see Proposition 4.5 of [2] ). If we define the morphisms
The comodule structure of M coH × H is the one induced by the isomorphism α M and it is equal to
As a consequence, the triple (M coH × H, φ M coH ×H , ρ M coH ×H ) where 
where 
Proof. The equality holds because
where the first equality follows by the definition of ∇ M , the second and the fourth ones follow by (25), the third one relies on the definition of q M , and the fifth one is a consequence of (b3) of Definition 3.1. In the sixth one we used the definition of Π L H and the seventh and the eleventh ones follow by the naturality of c. The equalities eighth and tenth are consequence of (5), and the ninth one follows by 
A morphism of right-right H-Hopf modules between M and N is a morphism f : M → N in C such that is both a morphism of right H-comodules and H-quasilineal. The collection of all right H-Hopf modules with their morphisms forms a category which will be denoted by M . From now on we assume that C admits coequalizers. With C HL we will denote the category of right H Lmodules, i.e., the category whose objects are pairs (N, ψ N ) with N an object in C and
Let (N, ψ N ) be an object in C HL and consider the coequalizer diagram
and, as a consequence, there exists a unique morphism
The pair
On the other hand, by (18) we have
and then, if the functor − ⊗ H preserves coequalizers, there exists a unique morphism
Then, if the functor − ⊗ H preserves coequalizers, the triple
) is a rightright H-Hopf module. Indeed: By the previous reasoning conditions (b1) and (b2-1) of Definition 3.1 hold. Composing with n N ⊗ H and using (34), (35) and (a1) of Definition 2.2 we have
and then (b2-2) of Definition 3.1 holds. Also, by (a4-6) of Definition 2.2 and (35) we obtain
and then (b3) of Definition 3.1 holds. Similarly, by (35) and (a4-7) of Definition 2.2 we get (b4) of Definition 3.1. The equality (b5) of this definition is a consequence of (35) and (14) .
Note that, by (34), (35), we obtain that
Also,
because by (34), (35) and (15),
On the other hand, if f : N → P is a morphism in C HL , we have that
and, as a consequence, there exists an unique morphism f ⊗ HL H : N ⊗ HL H → P ⊗ HL H such that
The morphism f ⊗ HL H is a morphism in M H H because by (34), (35), (37) and (38)
Summarizing, we have the following proposition:
. The first equality follows by (25), the second one by (b3) of Definition 3.1, the third one by (39), and the last one by the properties of µ HL .
Let
where the first and last equalities follow by (44), the second one by (35), the third and the sixth one by the unit properties, the fourth one by (36), the fifth one by the properties of Π L H and, the seventh one is a consequence of the definition of N ⊗ HL H.
The morphism u N is natural in N because if f : N → P is a morphism in C HL by (40), (44), (38) we have 
Moreover, by (44) and (45),
Step 2 
because by (25), (b3) of Definition 3.1, the properties of Π L H and (39),
and, on the other hand, by (43)
Step 3: Now we prove the triangular identities for the unit and the counit that we defined previously. Indeed: The first triangular identity holds because composing with n N we have
where the first equality follows by (38), the second one by (46), the third one by (44) and the fourth one by (35). The last one follows by the properties of the unit η H . Finally, if we compose with i M , applying (40), (44) and (46) we obtain:
